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Abstract 

Let G be a finite group. Noncommutative geometry of unital G-algebras is studied. A 
geometric structure is determined by a spectral triple on the crossed product algebra associated 
with the group action. This structure is to be viewed as a representative of a noncommutative 
orbifold. Based on a study of classical orbifold groupoids, a Morita equivalence for the crossed 
product spectral triples is developed. Noncommutative orbifolds are Morita equivalence classes 
of the crossed product spectral triples. As a special case of this Morita theory one can study 
freeness of the G-action on the noncommutative level. In the case of a free action, the crossed 
product formalism reduced to the usual spectral triple formalism on the algebra of G-invariant 
functions. 
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Introduction 

We take up the task to develop a noncommutative geometric model for unital algebras subject 
to a finite group action. The differential geometric objects relevant to this theory are global ac¬ 
tion orbifolds. These objects may be naturally represented as Lie groupoids, or more precisely, 
proper etale Lie groupoids, 12J. It was shown in the reference [6 that with any effective compact 
proper etale groupoid with a spin structure, one can associate a Dirac spectral triple on the smooth 
groupoid convolution algebra. So, from this viewpoint, the generalization of noncommutative ge¬ 
ometry to G-algebras is straightforward. A mayor difference between the manifold theory and the 
orbifold theory is the implementation of an equivalence relation. Namely, orbifolds (considered as 
Lie groupoids) should be equipped with the geometric Morita equivalence relation which is essen¬ 
tially weaker relation than the G-equivariant diffeomorphism. The geometric Morita equivalence 
leaves the orbit space of the groupoid invariant, as well as the isotropy types associated with the 
action. So, one should view an orbifold as a Morita equivalence class of its representative groupoid 
since the different Morita classes are merely different geometric models for the same orbit space. 
A particularly important case is an orbifold that is modelled as a manifold subject to a free action 
of a finite group. This orbifold is Morita equivalent to the unit groupoid of its orbit space. So, 
the orbifolds subject to free actions should be viewed as manifold objects in the category of Lie 
groupoids. This is how the geometric Morita equivalent provides a tool to separate smooth objects 
from those with singularities. 

Suppose that a finite group G acts on the unital complex algebra A. This results in two unital 
associative algebras of interest: the crossed product algebra G x A and the invariant subalgebra 
A^^. The philosophy of this project is to view the algebra G k A as an equivariant space whereas a 
spectral triple on G k A is viewed as a representative of a noncommutative orbifold. We are also 
assuming that the G-action on the Hilbert space commutes with the Dirac operator which results in 
a spectral triple on the invariant subalgebra A*^. This level should be viewed as a noncommutative 
model for the orbit space under the group action. The spectral triple on A*^ captures the metric 
aspects of this theory which is demonstrated in the appendix of this document. These spectral 
triples also have an important role in the Morita theory introduced in Section 1. 
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The main goal of this work is to implement a Morita equivalence for spectral triples on non- 
commutative orbifolds. We shall follow the standard philosophy of noncommutative geometry and 
translate the geometric Morita equivalence of orbifolds (viewed as Lie groupoids) into the oper¬ 
ator theoretic language of spectral triples. Suppose that G x X is a representative of a global 
action orbifold and that there is a Dirac spectral triple on its smooth crossed product algebra 
(G X G® (X), L^(F 2 ), 3). If X X y is any other global action orbifold that is Morita equivalent 
to G X X, and if the Morita equivalence (j) has been fixed, then there is the induced spectral 
triple {K x G®(y), 0^3) which was found in [7\. The induced spectral triple is defined 

in purely geometric means. It is known that once the geometric Morita equivalence cj) has been 
fixed, then (p gives rise to a pre-G*-algebra K x G®(y) - G x G®(X) bimodule which describes 
the Morita equivalence on the algebraic level, 13 . This bimodule has a completion to a Morita 
bimodule for the G*-algebra completions. In this manuscript we shall see that the assignment 
L^{FyP) is, up to a unitary equivalence, the map that induced an isomorphism of the 

pre-G*-algebra representation categories, [16 . It will also be shown that the assignment 3 i-^ (/)^3 
will preserve the K-homology class of the underlying Fredholm module, i.e. in terms of operator 
KK-theory, the approximate sign of is a connection on {(p^F^) for the approximate sign 
of 3. However, these properties alone are too weak to provide axioms for a realistic model for a 
Morita equivalence of noncommutative orbifolds because the underlying Fredholm module loses 
information of the Dirac spectrum. The Dirac spectrum carries information of the metric associ¬ 
ated with the riemannian structure. More precisely, in the appendix we shall see that in the case 
of global action orbifolds, the Dirac spectrum captures the geodesic lengths already on the level 
of spectral triples on the algebras of smooth invariant functions G”(X)‘^. This is indeed fully 
compatible with the intuition: the geodesic length is a G-invariant property, and such properties 
are Morita invariant. Therefore, we need to introduce additional axiom for the Morita equivalence 
and require that a Morita equivalence operates as a unitary equivalence on the level of invariant 
spectral triples. This holds in the case of geometric orbifolds, [7J. 

Notation. This work is a part of the project consisting of 6 , [7 and this manuscript. The 
previous parts are purely geometric studies of spectral triples on proper etale groupoids. Although 
we do not need this generality in this manuscript, we shall continue to work with the Lie groupoid 
notation for the sake of coherency. If X is an equivariant manifold subject to an action of a finite 
group G, then we consider this system as the action Lie groupoid G x X :z^ X, which will be 
denoted by G x X. The source and target maps are given by s{g, x) = x and t{g, x) = g ■ x ioi all 
g e G and x e X. We also use t~^{x) = (G x X)® and = (G x X)^ 

In the analysis, we shall identify the smooth crossed product algebras G x G”(X) with the 
groupoid convolution algebras G®(G x X). A smooth left Haar system /i = : x e X} in G x X 

is a collection of measures in G x X parametrized on X, so that 

1. The support of is (G x X)“. 

2. If / e G®(G X X), then a; J is smooth. 

3. The measures are left-invariant: ^ f{aT)dg‘’^'^\T) = ^/(T)d^*('^)(r). 

Here we are concerned with the action groupoids only. In this case we fix the standard Haar 
measure A in the finite group G (the counting measure) and then define a Haar system in G x X 
by setting 


fj. = = X : X e X}. 

The groupoid convolution C°^{G x X) is the unital algebra equipped with the product 
if ■ ■'r~^)9{T)dg"^'^\T) 

^ r€(GKX),(„) 

where ppG denotes the number of elements in G. The unit is the function Ig which is the indicator 
function of the subset {e} x X in G x X where e is the unit element of G. We shall drop the 
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measure terms in the notation. The algebra C°^{G k X) can be equipped with the universal 

C'*-norm and the groupoid C^-algebra C*{G x X) is obtained by taking the completion in this 
norm 15 , 3J. 


Convention. An action Lie groupoid G x A is called a compact action orbifold if G is a finite 
group, A is a compact connected smooth manifold and the G action on A is effective. This is 
a nonstandard notation which is adopted for this study because this is exactly the class of Lie 
groupoids that are relevant in the study of noncommutative geometry of unital G-algebras. 

Acknowledgment. I wish to thank A. Kupiainen and S. Majid for providing me an opportunity 
to produce this final part of my project. 


1 Noncommutative Or bifolds 

1.1. It will be assumed that the reader is familiar with the basic concepts of spectral triple and 
Fredholm module theory, [3 . The complex Hilbert spaces associated with these structures are 
separable and infinite dimensional. Let G be a finite group which acts on the unital algebra A. By 
a noncommutative orbifold we mean a finitely summable spectral triple over the crossed product 
algebra G x A with the additional assumption that the G-action on the Hilbert space commutes 
with the Dirac operator of the spectral triple. If a spectral triple has a chiral grading operator w, 
then we shall also assume that the G-action on the Hilbert space commutes with w. If a spectral 
triple does not have a chiral grading, then we write w = I. The representation of G x A on the 
Hilbert space determines the G-module structure of the Hilbert space since we can map G to G x A 
by <7 (g, 1) for all g e G. Since the G-action commutes with the Dirac operator and w, these 

operators can be restricted to the G-invariant component of the Hilbert space , which results in 
a spectral triple over the invariant subalgebra A*^. In particular we have the following structures 

(G X A,n,D,oj) ^ iA^,H^,D,uj) 

where the arrow indicates that A*^ and can be embedded to G x A and to "H as a subalgebra 
and as a subspace whereas D and to commute with the inclusion map of TiP. The following two 
cases provide a rich source of noncommutative orbifolds. 

Example 1. Suppose that G x A ^ A is a compact action orbifold (see the notation paragraph in 
the introduction) which is G-spin. Then there is a complex G-equivariant Dirac bundle Fs on A, 
and a G-invariant Dirac operator 3 acting on the smooth sections of Fs, IIJ. The Dirac operator 
has a completion to an unbounded and densely defined self-adjoint operator on the Hilbert space 
of spinors and there is the following crossed product spectral triple associated with this 

data: 


(Gx G”(A),F^(Fs),g,a;) 

If the dimension of A is even, then F^(Fe) is chirally graded. This spectral triple was studied with 
details in (6 in the more general context of proper etale Lie groupoids. 

Example 2. Let G be a compact simple and simply connected Lie group. The algebras of regular 
functions on the associated quantum groups C[Gq] accept a variety of actions under the subgroups 
of the maximal torus of G, (Ij, (8 . In (8^ these algebras were called quantum orbifolds. Suppose 
that FT is a finite subgroup in a maximal torus of G which is given an action on C[Gq]. If this 
quantum orbifold is spin, K acts on the quantum group effectively, i.e. the G action on the algebra 
of regular functions C[Gq] is faithful, then there is a spectral triple on the crossed product algebra 
G X C[Gq] which makes the quantum orbifold a noncommutative orbifold. 

In both cases we have assumed an effectiveness condition. In the spectral triple language the 
effectiveness of a group action on a manifold translates to the faithfulness of the representation of 
the crossed product algebra on the Hilbert space of spinors, '7\. However, it should be noted that 
in both cases. Example I and Example 2, all the spectral triple axioms apart from the faithfulness 
of the representation remain to hold if the effectiveness is no longer required. 
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1.2. The pre-C*-algebras A and B are defined to be Morita equivalent if there is an imprimitivity 
B-A pre-C*-algebra bimodule between them. The definition of such a bimodule is recalled in 
2.1. An imprimitivity pre-C*-algebra bimodule has always a completion to an imprimitivity C*- 
algebra bimodule between the completed C*-algebras, i.e. the completed C*-algebras are Morita 
equivalent, 14 . If "H is a Hilbert space representation of the pre-C*-algebra A and if B is Morita 
equivalent to A, i.e. if there is an imprimitivity B-A pre-C*-algebra bimodule E, then there is an 
induced map of representations % ^ introduced in [16 . The Hilbert space = E®a B 
is a representation space for B which is defined as follows. One takes the algebraic tensor product 
E Qa B over A which accepts a left H-module structure since if is a left H-module. There is an 
inner product in E Qa B which is given by 

(u Qil),u Q Ip') = ({u, u)a'4>, 

for all u, u' G if and ip tip' G B, and extended by linearity. Here {■,-)a denotes the A-valued pairing 
in the bimodule E. The completion with respect to this inner product is (p^B = E Qa B. 

If {A, B, E) is a Fredholm module so that A, B are Morita equivalent pre-C*-algebras through 
the imprimitivity pre-C*-algebra bimodule E, and if (B, cp^B, F) is a Fredholm module, then F 
is called an C-connection if the operators 

TuoF-FoTu and T* o F - F o T* 

are compact for all u e E, where T„ : "H —> if Qa B is the linear map ip i—>- uQ ip^ and the adjoint 
of Tu is defined by T*{vQip) = {u,v)aiP, [17.- 

Consider the case of a pair of noncommutative orbifolds associated with the spectral triples 

{Gi iK Ai,Bi,Di,uji) i=l,2 

on the crossed product pre-C*-algebras. The spectral triples are defined to be Morita equivalent 
if the following conditions hold. 

Ml. There is an imprimitivity C 2 x A 2 - Gi ix Ai pre-C*-algebra bimodule E. 

M2. There is a unitary equivalence of spectral triples 

(G2 X A2,B2, D2,UJ2) (G2 X A2, E Qc^„(Ai Bi,D2,L02), 

so that EQgikAi Bi is a G 2 x A 2 representation under the standard left algebra action. 

M3. The approximate sign F 2 is an Fi-connection on E (8>GikAi Bi. 

M4. The crossed product spectral triples have the same dimension. 

M5. The invariant spectral triples are unitarily equivalent. 


The approximate sign operators in the definition are the bounded Fredholm operators 


F 2 = 


D 2 


(1 + 172)5 


and Fi = 


D, 


{l + Dl)P 


Proposition 1. The Morita equivalence of spectral triples on noncommutative orbifolds is an 
equivalence relation. 


Proof. The property of having an imprimitivity pre-C*-algebra bimodule defines an equivalence 
relation, 14J Proposition 3.16. In particular, for the refiexivity we can use the algebra G x A itself 
as a pre-C*-imprimitivity bimodule. Then M2 holds with "H G x AQgkaB given hy ip 1-Qip, 
and M3 holds because the commutators [F, o] are compact operators for all a G G x A. Therefore 
the axioms Ml-3 are reflexive. Suppose then that the imprimitivity bimodule E has been fixed. 
Then there are the crossed product C*-algebras, Gi x Ai and G 2 x A 2 , and the completion £ of F is 
a G 2 X A 2 - Cl X Ai C*-algebra bimodule. The bimodule defines a class (£, G 2 x A 2 , Gi x Ai, 0) in 
the operator KK-theory group KKq{G 2 x A 2 , Gi x Ai), where the operator is 0. By definition, the 
conditions M2 and M3 mean that, up to a unitary equivalence, (G 2 x A 2 ,712, F 2 ) is a representative 
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of the intersection product of {S,G 2 x A 2 ,Gi x ^i,0) with (Gi x This property is 

transitive with respect to successive Morita bimodule operations. In addition, the intersection 
product under the class of the dual Morita bimodule of S inverts the relation above. Therefore, 
Ml-3 define an equivalence relation. 

Clearly we can strengthen this equivalence relation with M4-5 to get a new equivalence relation. 

□ 


The condition Ml implies that the usual homotopy invariants of algebras, such as the cyclic 
homology of the pre-G*-algebra, or the iti-theory of the G*-algebraic completion are invariant 
under the Morita equivalence of spectral triples on noncommutative orbifolds. The conditions 
M2-3 imply that the K-homology class associated with the crossed product spectral triple is a 
Morita invariant. Condition M5 implies that the invariant spectral geometry is invariant. All 
these properties are very realistic from the viewpoint of topology and differential geometry of 
orbifolds: topological homology invariants, topological K-theory and K-homology are known to be 
Morita invariant, and so is the orbit space as a metric space which is modelled with the invariant 
spectral triple. One might argue that the dimensionality condition M4 is too strong. Namely, the 
dimensionality of a groupoid base manifolds is not a Morita invariant in general. However, in the 
case under consideration, the geometric theory is restricted to global action groupoids subject to a 
finite group action, and in this case all Morita equivalences are etale structure preserving, and the 
dimensionality is indeed invariant. So M4 should be implemented in the case under consideration. 

1.3. Suppose that G x X and AT x K is a pair of Morita equivalent compact action orbifolds and 

G X X is G-spin. There is a Dirac spectral triple on G x G®(X), as in Example 1. Since the G-spin 
property can be described in terms of groupoid hypercohomology, it follows that X x T is X-spin, 
[6 . There is a geometric Morita equivalence (a Morita bitorsor) between these groupoid. The 
definition will be recalled in 2.2. This geometric Morita equivalence, to be denoted by (j), allows 
one to define a X-equivariant induced spinor bundle on Y, see 2.4. Similarly, there are the 

induced X-invariant Dirac operator and the induced X-invariant chirality grading operator 
(j)^uj on see 3.1. In this notation, we state the main result of this manuscript: 

Theorem 1. The Dirac spectral triples 

(Gx G”(X),L2(Fs),g,tc) and (X x G”(y), .^#3, 

are Morita equivalent as noncommutative orbifolds. 

A proof for this theorem occupies the sections 2 and 3 of this manuscript, and is put together 
in the subsection 3.2. 

1.4. Let us then discuss the case where X/G is a smooth manifold, or equivalently, the case 
where G acts freely on X. These conditions are equivalent to the existence of a geometric Morita 
equivalence between the action groupoids G x X and 1 x X/G. The latter groupoid is the unit 
groupoid of the manifold X/G, i.e. there are only unit arrows. In particular we can view G x X 
as a representative of a manifold object in the category of Lie groupoids. 

In the spectral triple language of 1.2, we consider a noncommutative orbifold represented by a 
spectral triple (G x A,'H,3,w) to be a smooth noncommutative geometric space, if this spectral 
triple is Morita equivalent to the invariant spectral triple 3, w) (identify 1 x with 

A'^). This is how we can reduce the equivariant crossed product formalism to the usual spectral 
triple formalism where the G-action is absent. Notice that in this case the equivariant homotopy 
invariants, such as the cyclic homology or the K-theory invariants associated with the crossed 
product algebra G x A, are isomorphic to the corresponding invariants computed from the algebra 
A*^. Therefore, exactly as in the topological case, the equivariant formalism becomes redundant 
as soon as this freeness condition is satisfied. 

Smoothness of noncommutative orbifolds has been also studied in the recent manuscript 2 
from an algebraic geometric point of view. It would be interesting to understand to what extent 
this theory coincides with the differential geometric approach introduced above. 
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2 Induced Representations 


2.1. Let A and B be pre-C'*-algebras. The C'*-algebraic completions are denoted by A and B. A 
B-A-bimodule B is an imprimitivity pre-C*-algebra bimodule if the following axioms hold 

1. if is a right pre-inner product A-module and a left pre-inner product i?-module: 
there are the pairings (•, ■)a : B x E A and b(-, ■) : E x E ^ B so that 


{u, Xv -I- fjLw)A = X{u, v)a + w)a 
{u,va)A = {u,v)Aa 
{u,v)a = iv,u)A 
{u,u)a ^ 0 


b{Xu + / iU , w) = Xb{u, w) - I - fJ.B{v, w), 
B{hu,v) = bB{u,v) 
b{u,v)* = b{v,u) 
b{u,u) > 0 


hold for all A,/r e C, a e A, 6 e i? and u,v,w e if, and the inequalities hold in the 
C*-algebra completions A and B. 

2 . The linear spans b{u,v) and {u,v)a with u,v B E are dense in A and in B. 

3 . For all a e A, 6 e if and ue E: 

{bu,bu)A ^ 11^1 and B{ua,ua) ^ ||a||^B(M,M). 


4. For all u,v,w e E: u{v, w)a = v)w. 

One can apply the (7*-algebra norms in A and in B with the pairings . 4 (-, •) and ■)b to obtain a 
pair of norms in E. These norms are equivalent. If if is a pre-imprimitivity bimodule, then it has 
a completion to an imprimitivity C'*-algebra bimodule £, see [14 Proposition 3.12. In particular, 
the C*-algebras A and B are Morita equivalent. 

2 . 2 . Let G X X and K x Y he a pair of compact action orbifolds. These orbifolds are defined to 
be Morita equivalent if there is a Morita bitorsor, i.e. a smooth manifold Q and a diagram 

^» Q 

KxY Y X GxX 



so that the following conditions are satisfies 

1 . The action groupoid GxX acts on Q from the right such that the anchor for this 
action is g. The action groupoid KxY acts on Q from the left such that the anchor 
for this action is a. The actions are mutually commutative. 

2. The maps g and a are local diffeomoprhisms, the action of G k A is free and 
transitive on the fibres a~^{y) for all y B Y, and the action of AT k T is free and 
transitive on the fibres g~^{x) for all x B X. 

Let us clarify these conditions slightly. The domain for the left action on Q is the hbre product 

{K X Y),x^Q 

So, if (7 e Q is fixed, then the action restricts to the map 

K X {q} ^ g~^{g{q))-, {k,q) ^ {k,a{q)) ■ q 

This map is well defined since s{k, a{q)) = a{q) for all k B K, and it follows from 2 that the image 
is the set g~^{g{q))- Since the action is free and transitive, these maps are bijective for all {g}, 
and all the £)-fibres in Q have the cardinality equal to i.e. the number of group elements in 
K. Observe that if r : ?/ 1 —> r • ?/ is an arrow and if a{q) = y, then a(r ■ q) = r • a{q). Similarly, the 
domain of the right action is given by 


{GxX)tX,Q 
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li q e Q, then the right action restricts to define the map 

{g} X G a~\a{q)); {q,g) ^ q ■ ■ g{q)) 

This map is well defiend since t(ij, a~^ ■ g{q)) = g{q) for all cr e G, and by 2 this is a bijective 
map onto a“^(a(g)). The cardinality of an arbitrary a-fibre is equal to #G. Observe that if 
: X ^ a~^ ■ X is an arrow, and if g{q) = x, then g{q • cr) = • g{q). 

The Morita equivalence has a particularly convenient geometric structure in the case of compact 
action orbifolds. 

Proposition 2. Suppose that G^X and Kt<Y are finite action orbifolds. If Q is a Morita bitorsor 
between G t< X and K « Y, then p : Q ^ X is an ^itl-sheeted covering space, and a : Q ^ Y is 
a #G-sheeted covering space and Q is compact. 

Proof. According to the analysis above, the cardinality of g~^{x) is constant for all x e X, and 
equal to ^AT. It follows that p is a covering projection, 9 Lemma 2. Similarly, we have seen 
that a~^{y) is constant for all y e Y, and equal to #G, and so a is a covering projection. Q 
is necessarily compact since it is a smooth covering space with a finite number of sheets over a 
compact manifold. □ 

2.3. In what follows we need to apply Haar integrals over the subsets such as (G x X)^ and 
{K X Y)y for some x e X and y e Y, and for the sake of simplicity of the notation, we shall write 

0 = G X A and S = AT x Y. 

Suppose that Q is a Morita bitorsor, as in 2.2. Then we equip G®((5) with the left G”(S) and 
the right G®(0) module structures which are determined by 

(/•a)(g) = f a{a-^)f{q-a), 

JSeM 

{b-f){q) = f ■ q) ( 1 ) 

for all / G G”(g), a G G®(0), b G G®(S) and g G Q. There is the G”(0)-valued pairing in G®(Q) 
defined by 

(/,5)e(o-)=f ■q)g{T~^-q-cr) 

where g is any point so that t^a) = g{q). Since the S-action is transitive on the set of points with 
this property, the choice is arbitrary. There is also the G®(S)-valued pairing in G”(g) defined by 

s{f,g){T)=\ f{T~^ ■ q-(y)g{q-a) 

J0e{9) 

where g is any point so that t^r) = a(g), and the choice is arbitrary. These structures were 
introduced in [13 . 

Proposition 3. If G x A and K t< Y are Morita equivalent compact action orbifolds, then 
G”(g) equipped with the bimodule structure (1) and pairings (•) Oe and h(-, •) is an imprimitivity 
pre-G*-algebra G®(A x Y) - G®(G x A)-bimodule. 

Proof. The corresponding claim for proper topological groupoids has been proved in the reference 
[13 . So, in the smooth case under consideration, the axioms 1, 3 and 4 of 2.1 hold because they 
are valid for all continuous functions. 

In the reference [13 , the algebra G{Q) of continuous functions in Q is equipped with the 
inductive limit topology. However, by Proposition 2 the covering space Q is compact and therefore 
the inductive limit topology in G(g) is the usual norm topology. In particular, the algebra of 
smooth functions G°°{Q) equipped with the standard Frechet topology is dense in C{Q). Therefore 
the axiom 2 of 2.1 is fulfilled in the smooth case as well. □ 
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2.4. Suppose that ^ is a complex vector bundle on G ix X. More precisely tt : ^ > X is a complex 
vector bundle and G ix X acts on ^ with respect to the anchor map tt. These bundles can be 
identified with G-equivariant vector bundles. If ct G then let us denote by p(a) the linear 
isomorphism s associated with the action. Denote by r“(^) the space of smooth sections 

in The space of smooth sections is a G®(G x X) module under the action 

(a-V')x= a(CT)(v5f-if/')a; 

Jex 

where we are writing for all x G 0^. Observe that this is an element in the 

fibre of ^ at x G X because p(cr) : Co—Ua; ^ Ca; is a linear isomorphism. 

Suppose that G k X and K x Y are Morita equivalent compact action orbifolds. Let us fix a 
Morita equivalence </> = (a, Q, g) as in 2.2. This Morita equivalence can be used to push bundles 
on G K X to bundles on X ix X. If C is a complex vector bundle on G k X, then define 


which is a vector bundle on X ix X of equal rank. The G x X-action is defined by 

o- ■ [q,u] = [q ■ a~^,p{q)u\ 


for all cr G (G K X)g(q) and u G Ce( 9 )- The bundle projection tt' : (j)^^ ^ X is the map tt' : [q, m] 
a{q) and the left S action is given by t • [< 7 , u] = [r • q, u] for all t e {K x X)c,(g). The fibre of 
at y G X is an equivalence class of fibres of C at the points Q{q) for all g G Q so that q G Q ;“^( y ). 
There are exactly #G such points by Proposition 2. If 77 is a section of then we write r]q{y) 
for the value of y at y in the representative Ce(g) for the fibre. In this notation, the sections satisfy 


p{<^)Vq<7{y) = Vq{y) 

for all (T G 

Let us denote by </)^r®(C) = G“((5) Oe r“(C) the algebraic tensor product of G“(Q) and 
r“(C) over the algebra G“(G ix X). 

Proposition 4. There is a C-linear map x : </'#r“(C) —> r“((/)^C) which sends the class ot f Qip 
in (/)^r“(C) to the section of <j)^^ which is defined by 

1 




x{fQi^)q{y)= f{q-cr){pt-^'^)e{q) 


for all y G X and qe a ^ (y). 

Proof. The integration and the pullbacks are linear operations and therefore x is a linear map. If 
f Qtp is a representative of a class in then 

p{<^)x{f Oi’)q-<y{y) = P{o-) 

JTeQs(<ia) 

= p{<^) fiq-cr- 

JreQeTtixr) 

= f f{q-<^-T)p{(j)p{T){p*^^.^yiiT)gl^q) 

JTeSsivf) 

= f fiq-T)ipf-i^)e(q) 

JreQeii) 

= x{fOi^)q{y)- 

for all q G a“^(y) and a G It follows by linearity that the image of x lies in ■ 



It remains to show that the image of x is independent on the choices of the equivalence classes 
in Let f Qip he a represenative of an element in (7®(Q) Oe r”(^) and a G C'^{G k X). 

Then f Q a ■ ip maps to the following element under x'- 


X{f&a-pj)q{y)= r f{q-cr)\ a{T){^p*_^ip*_,il}) 

Jcre©e(9) 

= f f fiq-<^)a{T){ipf.-i'tp)e(q) 

JaeQsiq) Jr^Qe^q-q) 


and f • aQ Ip maps to 


Xif ■ aQi’)q{y) = f f fi.q-^ ■'r)a{T ^){,^pt-^ip) qG) 

JaeQeiq) JreQq ^ eCi) 

= f f /(<?-CT-T)a(T-^)(v 5 fLiV')e( 5 ) 

Jae0e(q) JreQsiq-q) 


In the first case, the argument of / runs over q ■ cr, the argument of a runs over the arrows 
g{q ■ a ■ t) g{q ■ a), and the argument of runs over the arrows g{q ■ a • t) In the 

second case, the argument of / runs over q ■ a - t, the argument of a runs over g{q ■ a) g{q • a • t) 
and runs over g{q ■ a) —>■ g{q). The claim follows since the fibre integration is with respect to 
the counting measure in G. □ 


Suppose that ^ is a complex vector bundle on G k X which is equipped with a smoothly varying 
G-invariant hermitian inner product (•,•) in its fibres. This gives the pairing r®(^) ® r®(^) —» 
G”(X). li(p = (a, Q, g) is a Morita equivalence as above, then there is a hermitian structure (•, •)^ 
in the fibres of (pp^P, which is defined by 

(bl]: [V2\)#,y = 

where q is any point in a~^{y) and is the class of [ui], i = 1,2 evaluated at the fibre pQ{q)- The 
value of the inner product is independent on the choice of such q because of the G-invariance. This 
gives us the pairing <S>r'^{(pp,p) G”(F). We also assume that G tx X is a riemannian 

groupoid, and that zx is a G-invariant riemannian volume form. Then there is the induced K- 
invariant riemannian volume form on Y. This is the differential form on Y which is uniquely 
determined by the equality g*{v) = a*{(pp,i'). One can apply local sections of a to pull g*{i') to 
a globally defined form on F, 7 . 

We define the Hilbert space (pp,L‘^{p) to be the completion of G“(Q) Oe r“(^) in the norm 
determined by the inner product 


</l OV'l>/2 Ol/’2> = <(/2,/l)e • l/'l,l/'2>X 

= f ((/2,/i)e • V’i,'02)j^- 
JX 

The bounded left action of G® (S) on G”((5) ©e r®(^) extends to make (pp,L‘^{p) a representation 
space for G®(S). There is also a natural inner product in r°^{(pp,p) given by 

for all 771 , ?72 G T°°{(p^p). The Hilbert space completion of T°°{(p^p) in the norm determined by 
this inner product is denoted by L‘^{(pp,p). 

Theorem 2. Let G t< X and K t< Y he Morita equivalent compact action orbifolds. The map x 
extends to an isomorphism of G^{K x F)-representations: 

X : - L\P#P) 

for any vector bundle ^ on G x X and Morita equivalence (p. 


9 


Proof. We shall prove the injectivity of y : first. Let /©V' be a representative 

of a class in ©“(Q) 0e r”(C)- Using the C'^{G ix X)-linearity of the tensor product, we find the 
following equalities 

f{.q)Qi^x = ^ X! /(9)-1.7-1 • i<T 0 ^x 

. 7600 ( 5 ) 

= ^ Yj /(9)- 1.7-1 0 1.7 • V-X 

. 7600 ( 5 ) 

^ . 7600 ( 5 ) 

and consequently xif Qtp) = 0 implies that f{q) © ^’ 0 ( 9 ) = 0 for ab q s Q. Using the linearity of 
y we also have that 

xSr 0 ^*) = o ^ ^/i(g)oVi;(,) = o. 

i i 

for all qe Q. So, it is sufficient to show that ^ /*( 9 ) © V'g(g) = 0 holds only if Xi /* 0^* is the zero 
vector of C'^iQ) 0e r®(0. 

Suppose that ^ is a section of ^ so that its support lies in a compact subset U of X and V 
is a subset in an open subset U of X where ^ is a trivial bundle. On V we can choose the frame 
coordinate fields Cj, i e {1,..., rank(^)} so that {( 6 ^) 3 ,} span the fibre of for all x e V. The 
frame fields can be extended to smooth vector fields on X so that their supports lie in U. Then 
we can write = '^'ip'^ei where T/i* are smooth functions with supports in U, and 

rarLk(^) 

/©Vl = / © Y 

i=l 

rarLk(^) 

= / © Yj W°t)'^e■e^ 

i=l 

rank(^) 

= Y ./• (V'*of)le0ei 

i=l 

rank(^) 

= Y /(V'*o£')Oei- 

i=l 

Thus, if fi'tpi op) = 0 as a function on Q, or equivalently f{q) 0 ipg(q) = 0 for all q e Q, then 
f Q Ip = 0. If ')/' is not supported in a neighborhood of X where ^ trivializes, then the standard 
partition of unity argument can be used to generalize the argument to this case straightforwardly. 
The general case holds by linearity. The injectivity of y : —> T'^{(p^^) follows. 

The next task is to prove the surjectivity of y : —> r’^{(p^^). Let ^ ^ X be a vector 

bundle on G ix X. Let us fix an open cover {Go : a e /} for X and choose the components to be 
small enough so that ^ can be trivialized over each Ua, 

#K 

g-\Ua) = UQa 

i=l 

where are mutually disconnected open subsets of Q, and g restricts to a diffeomorphism Ql^ 

Ua for each a and i. The components Qa exist because Q is a #X sheeted covering space and 
p : Q —> X is the covering projection. In addition, by shrinking Ua further if necessary, we can 
assume that the G orbit of each Qo consist of #G disconnected components. This assumption 
holds if Ua are chosen to be small enough because the G action on Q is free and transitive. Now 
(Qa : a e 1,1 ^ i ^ #K} is an open cover of Q, and {a{Q^^ : a G /, 1 ^ z ^ #X} is an open 
cover of Y because a is a covering map and so an open map. Let us fix a partition of unity p\ 
subordinate to the cover {Qa} of Q. 
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Suppose that 77 is a section of The bundle trivializes over each a(Q^) because the 
fibre {(j)^^)y at 2 / G a{Q^^) is represented by the fibres of ^ at Q{q) G Ua for q such that q G a~^{y), 
and ^ trivializes over Ua- So, if q' G then we have the local neighborhood a{QD of a{q') and 
for all y G a{Ql^) we can write 

Vq{y) = i'^a)g(q) 

where ipl is a locally defined section tpf : Ua ^ C We can go through all which results in 
locally defined sections ipa for all a G / and 1 ^ z ^ ipK. Since g restricts to a diffeomorphism 
over each there are the unique local sections 6a ■ Ua ^ Qa of Q for all a and i. Then we define 
the vector 

E VpI® 6 c^iQ) Oe r”(e). 

a,i 

Its image under y is given by 

{y) = f 1] Ua o ^l^De(q) 

= XI f ° ^i^De(q) 

a,i 

= X Pi ° ^liQiy))ii’l)e(q) 

a.,i 

= Y^p\{y){'4’'a)e(q) = Pqiy) 

a.,i 

for all y e Y and q G a~^{y). The third equality holds because the cover Qo is chosen so that the 
G-orbits of the components are mutually disjoint, and the support of Pa lies in Qa for all a and z. 
The surjectivity of y : ^ follows. 

The next task is to show that the module structures are equivalent. Let fQtp be a representative 
of a class in G“(Q) ©e r“(^) For any b e x Y) we have 

b-{f{q)OiJx) = I b{T)f{T-'^ ■ q)Qtpa:- 

Under the vector space isomorphism y, this element maps to the section of given by 
X(6-(/0z/’)),(z/) = f f K'r)/((T"^-g) •cr)((pXi^)e(9) 

JaeQe(i) JTeG“(9) 

= f f b{T)f{T-^ ■ {q-a)){ip*_,ij)y^q) 

JaeQe(<i) 

K'r)/(T"^ • (q ■ CT))(<pf-iZ/’)e(r-i.g) 

= f f b{T)if*_^{f{q-a){p*^,xp))g(^q) 

= b \ f{q-(^){vt-^i^)e(q) 

JaeQeM 

= b-x{fO^)q{y) 

for ally e Y and q e a~^{y). The second equality holds because the left and the right actions of K 
and G on Q are commutative. The third equality holds because the K action on Q preserves the 
fibres of g. It follows that x : is an isomorphism of C’^{K x F)-modules. 

The remaining task is to prove that the isomorphism % extends to an isomorphism of Hilbert 
spaces. On X we have the riemannian structure and the volume form u. We can use g to lift v 
and the hermitian structure to Q. This makes g a riemannian covering map. Then 

#K I = g*{^P,P;')g*{,.) (2) 

JX JQ 


■* r 

Jc 


o-e 0 e(Q) 


x(XV^O VPaO^aV'a) 

a,i 
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The +1 sign appears if g is orientation preserving, and —1 appears otherwise. To see that the 
equation holds, we give Q a G-equivariant smooth triangulation which is hne enough so that g 
restricts to a diffeomorphism on each triangle, [10 . If A is any of these triangles in Q, then 

r = g*{ip,ip')g*{v). 

Jg(A) JA 

Now (2) holds because there are exactly triangles in Q which map to £i(A) in X. Let (p^v 
denote the induced riemannian volume form on Y. By definition = g*(y)- Therefore we 

have 

#G' f = ± f 

Jy JQ 

= ± f a*{r],r]')^g*{v) 

jQ 

for all rj and rj' in Now the +1 sign appears if a is orientation preserving and — 1 

otherwise. 

Suppose that f Q ip and /' © ip' are in G® (Q) ©e T® (^), then 


</© V', /' o V'') = <(/', /)e • V', '>p')x 

f f f ■ q)f{T~^ ■ q-cr)p{a)ip^-i.^,ip'Jv 

Jx J 0 ^ Jh“(9) 

f f f •<7-CT)p(cr)V'a-i.,,,/'(T"^ 

Jx Je^ Jh“(9) 

f f f f -q-cr'■a)p{a'■cr)ip^^,^)~i.^J'{T-'^ ■q-a')p{a')ip'(^^,yuji 

f f f f ■ q ■ • q ■ a')p{a')ip'^^,yi.Jiy. 

Jx Je^^ Je^ Js‘^(i) 


where for each x e X the parameter q is any of the points g~^{x). The third equality holds by the 
0-invariance of (•,•) and the fourth by the left-invariance of the Haar measure. Moreover, on Y 
we can fix any point q e a~^{y) for every y s Y and then write 





ifiq ■ CT)p(cr)V'e( 9 .,T), /'(<? • CT')pK)V’e(q a')) 


In this notation we have 


<x(/OV'),x(/'OV’')>F 
= f f f U{q- (^)p{(^)i^e(q a)J'{q- 

Jy JeeM JeeM > 

Jy JeeM JeeM Jhh ^ ' 

= f f f f ■q-^)p{'^Hg{qa)J\T-^ ■q-cr')picr')^'g(q.a'))i^#^) 

Jy JeeM JeeM Je« 

The second equality holds by the S-invariance of the induced pairing (•,•)#; the third because 
the S-action on Q preserves the hbres of g. Together with the formulas in the previous paragraph 
this implies that 

#K(f OiPJ'Q iP') = ±#G<x(/ © iP),x{f © iP'))y 


for all f Q Ip and f © ip' in G®((5) ©e r®(^). Now the sign -f 1 appears if both g and a are 
either orientation preserving or orientation reversing, and —1 appears otherwise. Consequently, x 
extends to an isomorphism of Hilbert spaces 

The elements of k Y) act as bounded operators on G®((3) ©e r®(^) and on r®(0^^). 

Therefore these actions extend to make and representation spaces for C’'^{K k Y). 

Now X is an isomorphism of representations. □ 
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3 Geometric Spectral Triple 

The goal of this section is to prove Theorem 1. 

3 . 1 . Suppose that G ^ X and K v. Y are Morita equivalent compact action orbifolds. Assume 
that G K A is G-spin. This property is Morita invariant and it follows readily that K x Y is K- 
spin. Let us fix a G-equivariant complex Dirac bundle on X. More precisely, we fix a G-invariant 
riemannian structure on A, a G-equivariant complex Dirac bundle on A which is equipped with 
a unitary and Clifford compatible G-invariant connection and an inner product so that the unit 
vector fields in the Clifford bundle act as unitary transformations, [11 . Let us then fix a Morita 
equivalence (j) = {a, Q, g) between G k A and K tKY. Then there is the spectral triple induced by 
(p which is denoted by, 7J 


{C^{K 

The Hilbert space is the completion of r“((/)^^) in the L^-inner product. The induced 

Dirac operator is defined globally over Y by the relation 

Vq{y) = ^eiq) e{q)' 

There is also the following local description. If y e Y, then for any q e a~^{y), there is a local 
section j3q of a which maps y to q and the induced Dirac operator can be written by 

{<P#^)q{y) = {qO Pq)* O d^(q) O ((g O 

This description is independent on the choice of the local section because the local sections have a 
unique germ at y e Y. The induced Dirac operator satisfies the condition 

p(a)(<p#d)q.^(y)p(a)-^ = ((p#d)q(y). 

which makes it a well defined operator on 

In 2.4 we introduced an isomorphism y : We can use this isomorphism 

to define an unbounded operator by 

o o y. (3) 

The subspace G”((3)Oer”(^) is a dense domain for Since p is a local diffeomorphism, there 
is a local section Sq of g for each q € Q defined in a neighborhood of g{q) in A so that 6q{g{q)) = q. 
The germs of these local diffeomorphisms are unique. Let 3 = 7(e*)Vei be the Dirac operator so 
that Bi are linearly independent vector fields. In the following we give the operator (3) an explicit 
local realization. 

Proposition 5. The operator is given by 

n 

{p)#B){f{q)Qip^) = ^ (^g*iei{f odq)){q)Q-f{e*)'ipa:'J +/(<?) O (4) 

i=l 

in the dense subspace G°°((5) ©e r®(^) of 

Proof. For the sake of notation simplicity, we are using 0 = G x A again. 

It is sufficient to show that the right hand side of (4) maps to Qtp) under y. Let 

y e Y and q e a~^{y) be arbitrary and x = g{q). For each q ■ <j there is a local section dq.^ of g 
defined in a neighborhood of g{q • a) = • x so that 5q.cr{(J~^ ■ x) = q ■ a. In a small enough 
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neighborhood oi y eY we have 


= 3x( f o6q.a{(J~^ ■ 

= ° SqWx) 

= f ° 5q)i’)x 

J 0 ^ 

= ° Sq))llj + o Sq)Bi;))^'^ 

P n 

= ((‘^a-iei(/o<J9)7(er)V')a;) + xif Q^i’)qiy) 

P n 

Xi ° + xif o ^i’)qiy) 

J 0 ^ . V / 

P n 

X °'^9 'T))(g • CT)(</5f-.i7(e*)V’)e(9)) + x(/0 SV')5(y). 

J 0 s{q) . '' ' 


The fourth equality uses the G-invariance of 3. Since the Haar measure is globally constant over 
X there are no contributions from the vector fields acting on the measure terms. □ 

Suppose that the spectral triple on G“(G tx X) is chirally graded. The chiral grading operator 
is a G-invariant operator and there is the induced chiral grading operator on 4>^F^ which is defined 
by the relation 


Vqiy) = ^eiq) {(t>#^)q{y)Vq{y) = ^Q{q)^e{q)- 

for all ?/ e y and q e a~^{y). Let = x~^‘^X- The following proposition can be proved with 
the strategy of Proposition 5 but the details are more straightforward. 

Proposition 6. The operator (p^uj is given by 

{(l)^uj){f{q) O = f{q) O 

in the dense subspace G”((3) ©e r°°(^) of 

3.2. This subsection consists of a proof for Theorem 1 of 1.2. 

Suppose that G k X and X tx T is the pair of compact action orbifolds introduced in 3.1. 
According to Proposition 3, C°^{Q) is a pre-imprimitivity C°^{K tx T) - G®(G tx X)-bimodule. So, 
with E = G”((5), Ml holds. We have the unitary equivalence of spectral triples 

(G”(X K Y),L^{cP^F^),p#B,M ^ {C^{K K Y),cP#L^F^),^B,M 

which was described in Theorem 2 and 3.1. In particular, M2 holds. It is a direct consequence of 
Proposition 5 in this manuscript and Theorem 2 in 7J that the operators 

T.og-<^or„ and T^o^d-doT: 

are bounded operators for all u B E. Since 3 and are finitely summable operators as Dirac 
operators on a compact manifold, it follows by standard means that M3 holds as well, see e.g [4 . 
The dimension condition M4 holds because in the coordinates of Y, the induced spinor bundle 
4>#Fy, and the induced Dirac operator (/)^3, are a actual spinor bundle and a Dirac operator on 
Y, [7 4.3, and in this case the spectral dimension will be preserved because the dimension of the 
base is preserved. 
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There is an isomorphism of vector spaces, (j)^ : ^ (read G and K- 

invariant subspaces), which can be defined as follows: for each ^ e {(j)^tp)q{y) = '4’eiq) 

where q e a~^{y). Similarly we have the isomorphism (f)^ : C”(X)'^ ^ C^iY)^ which sends 
/ G C^{X)^ to ■ y ^ f{Q{y)) where q G a~^{y) is an arbitrary point. The choice is 

arbitrary by G-invariance of /. In (7 it was found that 

(/)#{/)(/)# W = (5) 


for all / G and ip G and 

(/)# O g o (()“1 = (p# O UJ o (j>~^ = (p^uj. 

As in the proof of Theorem 2, we can use the covering maps g and a to make Q a riemannian 
covering space on X and on Y. If ip, ip’ G T® we have 

4k\ {'ip,ip')v = ± \ 

Jx JQ 

where the sign +I corresponds to the case of orientation preserving g. Similarly we have the 
equality 


#G r {(pi^'ip,(p#'ip')i^(pi^i' = + f a*{(p#'ip,(p#ip')#a*{(p#iy) 

JY JQ 

= ± f a*cp^{'ip,ip')a*{(p#v) 

JQ 

= ± f g*{tp,tp')g*{u). 

JQ 

where +1 corresponds to the case of orientation preserving a. Consequently, 

(-ip,-lp'}x = ±^{(p#1p,<P#P^’)Y- 

holds for all ip^4’' s r”(Fx;)‘^. The sign +1 appears in the case where both g and a are either 
orientation preserving or orientation reversing, and —I appears otherwise. The linear map 


extends to a unitary transformation L'^{4’#Fy)^ and determines a unitary 

equivalence of the invariant spectral triples 

(G”(X)«,L2(Fs)G,g,a;) ^ {G^{Y)^, L^{cP^F^)^,cP^B,p,#uj). 


So, M5 holds. □ 

In the references, (6 and 7 , the inner products in the invariant spectral triples are defined with 
respect to the integration theory over the groupoid orbit space |0| in the context of proper etale 
Lie groupoids. However it is not hard to see that this inner product is equivalent to the L^-inner 
on X that was applied in this work when 0 = G k X is a compact action orbifold. More precisely, 
if /G G®(X)<=^, then 


#G 


J 

J|GKjf| Jx 




by similar triangulation statement that was used in the proof of Theorem 1 and Theorem 2. The 
effectiveness hypothesis for the G-action is essential here. 


15 



Appendix 

A.l. In the case of a smooth compact riemannian spin manifold {X,g), there is a Dirac spectral 
triple associated with the metric g and the geodesic distance is given in the spectral triple language 
by the formula 


dg{p,q) = sup{|a(p) - a(g)| : aeC{X), ||[g,a]|| = ||grad(a)|| ^ 1} 

for all p, q e X, [3 . The supremum is taken over the space C(X) of all continuous functions whose 
gradient is defined almost everywhere as an essentially bounded measurable vector held. In this 
appendix, this theorem is specialized to compact action orbifolds with pointlike singularities. 

A.2. A piecewise smooth G-path from a: e A to x' e A in the compact action orbifold G k A is 
given by a subdivision 0 = to < G < • • • < ife = 1 of [0,1], and a sequence 7 = (ci, cti, ..., ak-i,Ck) 
so that: 

1. Ci : ti] A is a piecewise smooth map for all z G {I,..., k}, and ci(0) = x 

and Cfc(I) = x\ 

2. (Ti G G K A and Ci{ti) = at ■ for alH G {1,..., A: — 1}. 

Suppose that a G-invariant riemannian structure has been hxed in G k A. The length of a G-path 
is dehned by 


k 

hil) = ( 6 ) 

i=l 

The geodesic distance on the compact action orbifold is dehned by 

d^l°{x,x') = inf{tg(7)} 

where the inhmum runs over all G-paths between x and x' in the orbifold, 5 . Clearly this distance 
should be understood as the distance between the points [a;] and [x'\ in the orbit space A/G. 

For the following theorem we suppose that the compact action orbifold G x A is G-spin. 
Moreover, the G-invariant riemannian metric g, the G-equivariant spinor bundle Fe and the G- 
invariant Dirac operator 3 have been fixed. This data gives rise to the noncommutative orbifold 
determined by the Dirac spectral triple on G®(G x A). The associated invariant spectral triple 
(^co(a)G,-^G, g) jg in tiie following. 

Theorem 3. Suppose that G x A has either pointlike singularities or the G action is free. The 
spectral distance formula of the invariant spectral triple computes the geodesic distances in the 
compact action orbifold G x A: 

df^^{x,x') = sup{|a(x) - a(x')| : a G C(A)‘^, ||[g,a]|| ^ I}, 

for all X, x' G A. 

Proof. Denote by Eg the singular locus which consists of isolated points in A. We first study the 
case x,x' G A — Eg. As an open subset of A, A — Eg is a smooth manifold and G acts on it 
freely. The metric g restricts to define a G-invariant metric in A — Eg. The spaces C(A — Eg)*^ 
and C(A)‘^ can be identified. Namely, if a G C(A — Eg) then a is a continuous function which 
has a bounded derivative almost everywhere and so a extends uniquely to an element in C(A) 
since it is uniformly continuous. The inverse is the restriction of functions in A to A — Eg. This 
identification passes to the G-invariant subspaces. Therefore we can write 

sup{|a(x) — a(x')| : a G C(A)‘^, ||[3, a]|| ^ 1} 

= sup{|a(x) - a(x')| : a G C(A - Eg)*^, ||[3,a]|| < !}• 

We can view A — Eg as a base space of an action groupoid under the free G-action. It is Morita 
equivalent to the unit groupoid on the smooth orbit space (A — Eg)/G. Let us denote by (f) the 
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Morita equivalence between G tx (X — E) and 1 tx (X — E)/G. We equip the orbit space with the 
induced metric (l)^{g), the induced spinor bundle and the induced Dirac operator The 

spaces of continuous functions C{X — and C{{X — Eg)/G) can be identified. Namely, if 

ae C(X — then we can assign with a the function on {X — Eg)/G which sends p to 

a{x) if X is any point so that [x] = p. The choice is arbitrary by the G-invariance of a. Now 

||[0#3,<^#(a)]|| = ||<^#([d,a])|| 

1 

= sup(^ 0 #([g,a], [3,a])^ " 

= sup(^([g,a], [d,a])^ ' 

for all a e C(X — Sg)^ which has the gradient defined almost everywhere. The first essential 
supremum is taken over {X — Eg)/G and the second over X — Eq. It follows that (j)^ preserves 
the lengths of gradients. Now we have 

sup{|o(a;) - a{x')\ : aeC{X - Y,g)^, ||[3,a]|| sS 1} (7) 

= sup{| 6 ([x]) - 6 ([x'])| : b e C((X - Eg)/G), 6 ]|| ^ 1}. 

for all x,x' B X — Eg. The right hand side of (7) computes the geodesic distance on the manifold 
{X — Eg)/G with respect to the induced metric This gives us us the equality 

sup{| 6 ([x])- 6 ([x'])| :beCiiX-i:G)/G),\U#Q,b ]\\< 1 } = inf{4^(g)(7)} 

where denotes the standard path length on the manifold (X — Eg)/G, and the infimum runs 

over all piecewise smooth paths in (X — E)/G from [x] to [x']. 

If 7 is a piecewise smooth G-path in X — Eg then it determines a piecewise smooth path [ 7 ] 
in (X — Eg)/G and the lengths satisfy lg{"i) = ^ 0 ^(g)([ 7 ]) where Ig is defined as ( 6 ) in the case of 
the orbifold G tx (X — Eg). Conversely, if 7 ' is any piecewise smooth path in (X — Eg)/G and if 
7 ' is any G-path that is a lift of 7 ' in X — Eg, then lg{'^') = 4#(s)('70- These observations hold 
because with the riemannian metrics applied, X — Eg —> (X — Eg)/G is a riemannian covering 
space. Consequently, 

inf{4#(9)(V)} = inf{?g(7)} 

where the first infimum runs over all piecewise smooth paths in (X — E)/G from [x] to [x'] and 
the second runs over all piecewise smooth G-paths in X — E from x to x'. 

Suppose that dimension of X is strictly greater than 1. Then 

inf{Zg(7)} = d^/^{x,x') 

where the infimum runs over all piecewise smooth G-paths in X — E from x to xb The right side 
denotes the orbifold geodesic distance on G k X. The equality holds because the geodesic distances 
are not affected if the set of isolated points Eg is removed from X. In fact, the formula also holds 
trivially in the case where X is one dimensional because all the compact action orbifolds with 
one dimensional base which are equipped with a spin structure (in particular they are orientable) 
have Eg = 0. The string of equalities above gives a proof for the theorem in the special case of 
X, x' G X — Eg. 

Next assume that x G Eg and x' G X — Eg. The geodesic distance function in the 

action groupoid G tx (X — Eg) defines a metric in its orbit space (X — Eg)/G and therefore the 
function X — Eg ^ R defined by 

z ( 8 ) 

is uniformly continuous for all z G X — Eg. Thus, ( 8 ) extends uniquely to a continuous function in 
X which sends x to {x,x'). On the other hand, according to the analysis above, the function 
( 8 ) is the same function as 

z 1 -^ sup{|a(z) -a(x')| : a G C(X - Eg)'^, ||[3, a]|| 1}. 

in the domain X — Eg. This function extends to a continuous function over all X which has to 
be equal to the extension of ( 8 ) by uniqueness. So the theorem holds in this case. The analogous 
analysis shows that we can also take the end point of this path to be in the singular locus. □ 
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